
ECE 451 – Formula Sheet - Automated Microwave Measurement 

Transmission line equations 

𝛤𝛤(−𝑙𝑙) = 𝛤𝛤𝑅𝑅𝑒𝑒−𝑗𝑗2𝛽𝛽𝛽𝛽 =
𝑍𝑍𝑅𝑅 − 𝑍𝑍0
𝑍𝑍𝑅𝑅 + 𝑍𝑍0

𝑒𝑒−𝑗𝑗2𝛽𝛽𝛽𝛽 

𝑍𝑍(−𝑙𝑙) = 𝑍𝑍0 �
𝑍𝑍𝑅𝑅 + 𝑗𝑗𝑍𝑍0𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑍𝑍0 + 𝑗𝑗𝑍𝑍𝑅𝑅𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� 

𝑍𝑍(𝑧𝑧) =  𝑍𝑍0
1 + 𝛤𝛤(𝑧𝑧)
1 − 𝛤𝛤(𝑧𝑧)

              𝛤𝛤(𝑧𝑧) =
𝑍𝑍(𝑧𝑧) − 𝑍𝑍0
𝑍𝑍(𝑧𝑧) + 𝑍𝑍0

 

𝑉𝑉(𝑧𝑧) = 𝑉𝑉+𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗�1 + Γ𝑅𝑅𝑒𝑒+2𝑗𝑗𝑗𝑗𝑗𝑗� 

𝐼𝐼(𝑧𝑧) =
𝑉𝑉+
𝑍𝑍0
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗�1 − Γ𝑅𝑅𝑒𝑒+2𝑗𝑗𝑗𝑗𝑗𝑗� 

𝛽𝛽 = 2𝜋𝜋
𝜆𝜆

= 𝜔𝜔
𝑣𝑣

 

Transmission line with voltage source 
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Mason’s non-touching loop rule 

  

𝑇𝑇 =
∑ 𝑃𝑃𝑖𝑖�1 + ∑ (−1)𝑗𝑗𝐿𝐿(𝑗𝑗)(𝑖𝑖)𝑀𝑀

𝑗𝑗=1 �𝑁𝑁
𝑖𝑖=1

1 + ∑ (−1)𝑗𝑗𝐿𝐿(𝑗𝑗)𝑀𝑀
𝑗𝑗=1

 

=
𝑃𝑃1�1 − ∑𝐿𝐿(1)(1) + ∑𝐿𝐿(2)(1)−. . .� + 𝑃𝑃2�1 −∑𝐿𝐿(1)(2) + ∑𝐿𝐿(2)(2)−. . .�+. . .

1 − ∑𝐿𝐿(1) + ∑𝐿𝐿(2) − ∑𝐿𝐿(3) +. . .
 

𝑃𝑃𝑖𝑖 – ith path from source to sink. 

𝐿𝐿(𝑗𝑗) – jth order loop. 

𝐿𝐿(𝑗𝑗)(𝑖𝑖) – jth order loop which doesn’t touch ith path. 

S – Z parameter transformation 

𝒁𝒁 = 𝒁𝒁𝟎𝟎(𝑼𝑼 + 𝑺𝑺)(𝑼𝑼− 𝑺𝑺)−𝟏𝟏 

𝑺𝑺 = (𝒁𝒁 + 𝒁𝒁𝟎𝟎𝑼𝑼)−𝟏𝟏(𝒁𝒁 − 𝒁𝒁𝟎𝟎𝑼𝑼) 
𝑼𝑼: unit matrix 
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S – ABCD parameters conversion 

�𝐴𝐴 𝐵𝐵
𝐶𝐶 𝐷𝐷� =

1
2𝑆𝑆21

�
(1 + 𝑆𝑆11)(1− 𝑆𝑆22) + 𝑆𝑆12𝑆𝑆21 𝑍𝑍0[(1 + 𝑆𝑆11)(1 + 𝑆𝑆22) − 𝑆𝑆12𝑆𝑆21]

1
𝑍𝑍0

[(1 − 𝑆𝑆11)(1− 𝑆𝑆22) − 𝑆𝑆12𝑆𝑆21] (1 − 𝑆𝑆11)(1 + 𝑆𝑆22) + 𝑆𝑆12𝑆𝑆21
� 

�𝑆𝑆11 𝑆𝑆12
𝑆𝑆21 𝑆𝑆22

� =
1
∆
⎣
⎢
⎢
⎡𝐴𝐴 +

𝐵𝐵
𝑍𝑍0
− 𝐶𝐶𝑍𝑍0 − 𝐷𝐷 2(𝐴𝐴𝐴𝐴 − 𝐵𝐵𝐵𝐵)

2 −𝐴𝐴 +
𝐵𝐵
𝑍𝑍0
− 𝐶𝐶𝑍𝑍0 + 𝐷𝐷

⎦
⎥
⎥
⎤
    ,   ∆= 𝐴𝐴 +

𝐵𝐵
𝑍𝑍0

+ 𝐶𝐶𝑍𝑍0 + 𝐷𝐷 

S – T parameters conversion 

�𝑆𝑆11 𝑆𝑆12
𝑆𝑆21 𝑆𝑆22

� = �𝑇𝑇12𝑇𝑇22
−1 𝑇𝑇11 − 𝑇𝑇12𝑇𝑇21𝑇𝑇22−1

𝑇𝑇22−1 −𝑇𝑇21𝑇𝑇22−1
� 

�𝑇𝑇11 𝑇𝑇12
𝑇𝑇21 𝑇𝑇22

� = �𝑆𝑆12 − 𝑆𝑆11𝑆𝑆22𝑆𝑆21−1 𝑆𝑆11𝑆𝑆21−1

−𝑆𝑆22𝑆𝑆21−1 𝑆𝑆21−1
� 

S Parameters of Transmission Line of Characteristic Impedance Zc 

Reference system has impedance Zo 

𝑆𝑆11 = 𝑆𝑆22 =
(1 − 𝑋𝑋2)Γ
1 − Γ2𝑋𝑋2

               𝑆𝑆12 = 𝑆𝑆21 =
(1 − Γ2)𝑋𝑋
1 − Γ2𝑋𝑋2

 

Γ =
𝑍𝑍𝐶𝐶 − 𝑍𝑍0
𝑍𝑍𝐶𝐶 + 𝑍𝑍0

= 𝑄𝑄 ± �𝑄𝑄2 − 1            𝑄𝑄 =
𝑆𝑆112 − 𝑆𝑆212 + 1

2𝑆𝑆11
 

𝑋𝑋 = 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 =
𝑆𝑆11 + 𝑆𝑆21 − Γ

1 − (𝑆𝑆11 + 𝑆𝑆21)Γ
 

Reference Plane Extension 

𝑆𝑆′ = Φ𝑆𝑆Φ 

where S is for the DUT, S’ is for the system with the port extensions. 

Φ = �𝑒𝑒
−𝑗𝑗𝜙𝜙1 0
0 𝑒𝑒−𝑗𝑗𝜙𝜙2

� 

𝜙𝜙1 and 𝜙𝜙2 are the phase shifts in ports 1 and 2 respectively 

Special Case for Lossless System 

|𝑆𝑆11|2 + |𝑆𝑆21|2 = 1 

|𝑆𝑆22|2 + |𝑆𝑆12|2 = 1 
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If in addition, the network is reciprocal: 𝑆𝑆12 = 𝑆𝑆21, the network is symmetrical: 𝑆𝑆11 = 𝑆𝑆22. 
 


