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Abstract—This paper presents a complex image approach for
fast and accurate calculation of the mutual inductance between
two coils in the presence of conductive and magnetic layered
media. The complex images are obtained by application of
Prony’s method to the spectral domain form of the vector
magnetic potential. The accuracy of the method is demonstrated
by comparison of the mutual inductance between two coaxial
coils separated by a conductive medium with the electromagnetic
fullwave simulator HFSS as well as with published measurement
data. The technique is general, versatile, and fast and has wide
applicability, including in wireless power transfer and shielding.

Index Terms—mutual inductance, complex image method,
Prony’s method, complex inductance, conductive medium

I. INTRODUCTION

With the recent developments and increasing interest in
magnetic near-field-coupling-based systems for wireless power
transfer and magnetic shielding in diverse application envi-
ronments, accurate modeling of magnetic flux transmission
through various types of layered media (metal sheets, conduc-
tive and magnetic materials and even metamaterials) is becom-
ing essential for designing highly efficient systems. Precise
calculation of the coupling inductance in such environments
generally requires the application of complex mathematical
functions or extensive electromagnetic (EM) simulations, mak-
ing these methods time and memory intensive for highly
evolved systems.

To address the lack of a general and efficient method for
mutual inductance calculations in the presence of conductive
and magnetic media, we present in this paper a highly efficient
and versatile method to analyze the magnetic flux transmission
and determine the mutual inductance of a two-coil system by
extending the concept of complex image theory and applying
Prony’s method of approximation. Our method is applicable
to environments with general conductive and magnetic media
and can model both magnetic flux enhancement and shielding.
Comparative analyses between the results obtained using our
innovative method, full wave 3D EM simulations and measure-
ments demonstrate the high level of efficiency of our approach.

II. PROBLEM FORMULATION

Figure 1 shows the general configuration of two coils
separated by a layer of conductive and/or magnetic medium.

Fig. 1. General problem setup of inductive coupling between two coils
through a conductive and magnetic medium.

Fig. 2. Line current above a general conductive and magnetic slab.

The mutual inductance can be calculated in terms of vector
magnetic potential A⃗ as

M = L21 =
1

I1

∮
C1

A⃗1 · d⃗l (1)

where I1 is the current in coil Tx (coil 1) and C2 is the
contour path along coil Rx (coil 2). Analytical solutions for the
mutual inductance between two coils are available for various
configurations in free-space [1]–[5]; however, in the presence
of conductive or magnetic media, the solution approaches are
cumbersome and limited.

In order to develop a fast calculation approach based on the
complex image theory, consider a filamental line current in
the z-direction above a general conductive and magnetic slab
of thickness T , as illustrated in Fig. 2. The vector magnetic
potential in the three different regions (i = 1, 2, 3) satisfies

∇2Az,i(x, y)− jωµiσiAz,i(x, y) + µ0Iδ(x)δ(y − b) = 0

(i = 1, 2, 3).
(2)
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Fig. 3. Complex image approximation for problem setup shown in Fig. 2 for:
(a) G(k), (b) H(k).

The solution for the vector magnetic potential in region 3 is
found as [6], [7]

Az,3(x, y) =
µ0I

2π

∫ ∞

0

[
G(k)

ek(y−b)

k

]
cos(kx)dk (3)

where G(k) is a spectral function given by

G(k) = 4kq
µre

kT

(q + µrk)
2eqT − (q − µrk)

2e−qT
(4)

with q =
√

k2 + γ2 and γ =
√
jωµσ. Spectral function G(k)

represents the effect of the source current and the conductive
and magnetic slab on the magnetic fields. Note that in the case
of free space, G(k) = 1. Alternatively, we can define spectral
function H(k) = 1 − G(k) to separate out the effect of the
slab medium from the total solution. This form of solution is
preferable for media with low losses where the source term is
dominant.

III. COMPLEX IMAGE APPROXIMATION

In [8] and [9], the spectral function for the vector magnetic
potential solution in the source region was approximated by
a single complex image which was obtained by Taylor series
expansion. Here, we approximate the spectral function G(k)
(or H(k)) of the quasi-magnetostatic formulation as the sum
of N complex exponential solutions given as

G(k = mTs) ≈
N∑

n=1

Ane
jθne(αn+j2πfn)mTs (5)

by application of Prony’s method [10], [11]. In (5) An and
θn are the initial amplitude and phase, respectively, while αn

is the damping factor, fn is the frequency, Ts is the sampling
period, and m = 0, 1, 2, . . .. The complex exponentials (when
divided by k in (3)) represent image source currents in the real
domain with complex amplitude and at a complex location.

Fig. 4. Illustration of two coils offset by distance A with a layer of general
conductive medium of thickness T .

For a two-coil system with conductive slab, as shown in Fig.
4, the problem can now be replaced with a set of N image
coils (n = 1, · · · , N ) in free space, each with complex source
current Ane

jθnI and placed at a complex distance Dc(n) from
the Rx coil given by

Dc(n) = D − (αn + j2πfn) (6)

where D is the distance between the Tx coil (coil 1) and Rx
coil (coil 2). The resulting total complex coupling inductance
L∗
21 between the two coils can then readily be obtained as the

sum of all complex mutual inductances M∗
n between image

Tx coil n (n = 1, · · · , N ) and the Rx coil, as given by

L∗
21 =

N∑
n=1

(
Ane

jθnM∗
n

)
. (7)

The corresponding mutual impedance Z21 between the Tx coil
(coil 1) and Rx coil (coil 2) in the presence of the conductive
and magnetic medium is obtained from L∗

21 as

Z21 = jωL∗
21 = R21 + jωL21 = −ω Im{L∗

21}+ jωRe{L∗
21} (8)

For the case of coaxial Tx and Rx coils in a general
layered medium, as illustrated in Fig. 4 with zero offset
(A = 0), closed-form formulas for the mutual inductance
between coaxial coils in free space [1] are evaluated with
complex distance Dc(n) given in (6) for each image coil. Thus,
the total complex inductance L∗

21 is given in closed form as

L∗
21 =

N∑
n=1

{Ane
jθnµ0

√
R1R2

×
[(

2

ν(n)
− ν(n)

)
K (ν(n))− 2

ν(n)
E (ν(n))

]
}

(9)

where

ν(n) =

√
4R1R2

(Dc(n))
2
+ (R1 +R2)

2 (10)

and E(ν) and K(ν) are the complete elliptical integrals of the
first and second kind, respectively ( [1]). A similar formulation
is obtained for the case of misaligned coils using the results
for the free-space case established in [2]–[5].
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Fig. 5. Complex mutual inductance L∗
21 for aligned coaxial Tx and Rx

coils in the presence of a conductive medium layer (see Fig. 4 with A = 0,
D = 37mm, R1 = R2 = 11mm, d = 0.1mm, P = 5mm, W = 250mm,
f = 159MHz. Model results given by solid lines, HFSS results by symbols).

(a) (b)

Fig. 6. Complex mutual inductance L∗
21 for misaligned Tx and Rx coils in

the presence of a conductive medium layer for different amounts of offset A
(see Fig. 4 with D = 37mm, R1 = R2 = 11mm, d = 0.1mm, T = 10mm,
P = 5mm, W = 250mm, f = 159MHz. Model results given by solid lines,
HFSS results by symbols).

IV. APPLICATIONS

We have applied the complex image approach to efficiently
determine the complex mutual inductance between two coils
in the presence of a layer of conductive medium as shown
in Fig. 4. The model results are compared with fullwave
simulation results obtained with HFSS [12]. Figure 5 shows
the real and imaginary parts of the mutual inductance as a
function of conductivity of the slab for different slab thick-
nesses. Similarly, Fig. 6 shows the complex mutual inductance
as a function of slab conductivity for different lateral offsets
between the coils. In all cases, the agreement of the model
results with the fullwave HFSS simulation results is excellent.
Figure 7 shows a comparison with measurement results taken

from [13] for the setup in Fig. 1. Included in the figure are
the results of the generalized Dodd & Deeds formulation that
includes retardation effects [14] and CST Microwave Studio
[15] taken from [13]. Our model results are in good agreement
with the measured results and our HFSS simulation results;
the small differences can be attributed to the finite size of the
conductive disk and the high dielectric constant of the medium.

V. CONCLUSION

We have presented a complex image approach based on
Prony’s method for the fast and accurate calculation of the
mutual inductance between conductor coils in the presence of
a conductive and magnetic layered medium. Our method can

(a) (b)

Fig. 7. Complex mutual inductance for the configuration shown in Fig. 1
taken from [13] with d = 37mm, s = 22mm, w = 1mm, T = 30mm,
D = 90mm, f = 159MHz.

be applied to general coil configurations and provides quick
solutions to problems for which otherwise only complicated
analytical methods or numerical methods are available. The
approach can also be extended to general multi-layered me-
dia and problems involving metamaterials, as demonstrated
in [16]. This complex image approach is widely applicable
including in wireless power transfer and shielding problems.
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