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Abstract—Printed circuit boards (PCB) are subject to external
electromagnetic interference. A validation tool to efficiently
predict the worst-case induced voltages and currents is invaluable
in the process of making PCB designs pass the immunity test
for electromagnetic compliance. This paper proposes to use a
2.5-D hybrid finite-element-method (FEM) solver to characterize
the radiated far field and use the reciprocity-based method to
calculate the induced port voltages and currents due to an
incident plane wave. This method can be used to analyze any fullsize PCB. Good agreement with the results from a 3-D full-wave
FEM is obtained at low frequencies, where the 2.5-D assumption
for the fields in the PCB applies. Furthermore, the calculation
time and memory consumption are significantly reduced.
Index Terms—Electromagnetic interference, printed circuits,
immunity testing

I. I NTRODUCTION
Printed circuit boards (PCB) are subject to electromagnetic
interference. Ambient electromagnetic energy is coupled to
the metallic geometries, such as traces, vias, planes, etc.,
inducing unwanted noise and degrading signal quality. International standards [1] have been established to ensure electronic
systems withstand such interference and function properly.
Validation tools to quantitatively predict the amount of electromagnetic energy coupled to electronic systems including PCB
and integrated circuit packages are invaluable in the system
design process. Designs evolving with frequent validation are
likely to pass the immunity test and meet the standard.
One way to assess how susceptible a PCB design is to
electromagnetic interference is to find the port voltages and
currents induced by an incident plane wave. The PCB may
contain very complicated geometry leading to computationally
prohibitive problems for full-wave electromagnetic calculations. In addition, an electromagnetic susceptibility analysis often requires running multiple calculations to cover all
possible sources of interference and identify the worst-case
scenario.
In this paper, we take a circuit approach to calculate the
induced port voltages and currents. We use a 2.5-D hybrid
FEM solver [2] to compute the radiated far field due to an
exciting circuit port. The radiated far field at a particular angle
is related to the voltage at the plane-wave port. The circuit
port and the plane-wave port form a two-port network. We
use the reciprocity theorem to find the voltages and currents

at the circuit port induced by the plane wave coming from this
angle [3].
Complicated PCBs, impossible to analyze with full-wave
3-D solvers, can be analyzed with our method. Simple PCBs
can be analyzed at a reduced calculation time and memory
consumption. Parametric sweeps over all incident directions
and all polarizations can be quickly set up to search for the
worst-case scenario, making this method attractive for the
susceptibility analysis of PCB designs.
II. M ETHOD
A PCB includes metallic geometries to deliver power to
electronic components and route signals among them. Three
common geometries of PCB are planes, traces, and vias. Due
to the high conductivity of metal planes and the absence
of higher-order modes at low operating frequencies, electric
fields between planes are assumed to only have the vertical
components. This effectively reduces the vectorial Helmholtz’s
equation as a function of the fields to the scalar Helmholtz’s
equation as a function of the potentials on the planes. Traces
are modeled as transmission lines, and vias are considered
electrically small and modeled with equivalent circuits. Circuit
laws relate the voltages and currents associated with the
geometries and lead to a system of equations, which can be
solved to yield the voltages and currents everywhere in the
PCB.
We use a hybrid of modified nodal analysis and 2-D finite
elements to formulate the system of equations that describes
the voltage-current relationship in the PCB. We excite each
circuit port with a current source Isrc in parallel with a
resistor Rload and leave all other ports terminated with load
resistors. We solve for the branch voltages everywhere in the
circuit and calculate the surface currents of the PCB from
the branch-voltage solution and the connectivity of the circuit.
Convolving these surface currents and the Green’s function
gives the radiated far field due to the port excitation.
We follow the work in [3] to use the reciprocity theorem
to find the induced voltage at the circuit port. The circuit
representation of the forward radiation problem is shown in
Fig. 1a, which is solved by the hybrid solver. The voltage
Vport at the plane wave port of length L is given by [4]
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Fig. 1. Circuit diagram of (a) the forward radiation problem and (b) the
reverse problem.



~ rad denotes the
where r denotes the radial distance, rE
radiated far field at a particular angle, and ~l denotes the
orientation of the port perpendicular to the radial vector.
The circuit representation of the reverse problem is shown in
Fig. 1b. A Hertzian dipole of length L with the same constant
current Isrc excites the plane-wave port and its radiated field
at the circuit port is given by
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Fig. 2. (a) A microwave filter illuminated by a 1-V/m plane wave polarized
in the +X direction propagating in the -Z direction, (b) voltage induced at
Port 1.

(2)

By reciprocity, the voltage at this circuit port induced by the
Hertzian dipole in the reverse problem is equal to the voltage
at the plane-wave port in the forward problem. Combining
(1) and (2) eliminates the dipole length L and gives the final
equation
4π ~  ~ 
Vport =
E0 · rErad .
(3)
jkηIsrc
The direction of propagation of the incident plane wave
~ rad . The magnitude and polarization of the
is stored in rE
~ 0.
incident plane wave is stored in E
One solution to the system of equations gives the radiated
far field at all angles due to the exciting port. Permuting
different incident directions, field polarizations, and field
magnitudes and applying (3) gives the induced voltage. The
induced current is found from Ohm’s law. The largest induced
voltage at this port is the worst-case scenario due to plane
waves. This process is iterated through the remaining ports
and we find the induced voltages at all ports due to plane
waves.
III. N UMERICAL E XAMPLES
The following examples were first solved by our 2.5-D
hybrid FEM solver [5], then by our 3-D full-wave FEM
solver [6] for comparisons. All calculations were run on a Dell
Precision T5600 workstation with an Intel Xeon E5-2687W
processor and 128 GB memory. All calculations used 16 cores.

A. Microwave Filter
The first example is a 30 mm×22 mm microwave filter
shown in Fig. 2a, which is illuminated by a 1-V/m plane
wave polarized in the +X direction propagating in the -Z
direction. All ports are terminated with 50-Ω resistors. The
induced voltage from 50 MHz to 10 GHz at Port 1 is shown
in Fig. 2b. The voltages at the terminated ports obtained by
the hybrid solver are comparable to those obtained by the fullwave solver at the frequencies below 4 GHz. The models in our
hybrid solver match better at low frequencies. As the frequency
is raised, they do not capture the 3-D coupling effect. The
accuracy of the hybrid solver is gradually lost and so is the
calculated voltages. In this case, 3-D full-wave calculations are
necessary to accurately characterize the PCB. In this example,
our hybrid solver takes 86 ms for each frequency point, and
the maximum memory consumption is 155 MB. Our 3-D fullwave solver takes 2.98 s for each frequency point, and the
maximum memory consumption is 328 MB.
B. Grounded Co-planar Waveguides
The second example includes two parallel grounded
co-planar waveguides separated by a via fence over a
18.8 mm×9 mm substrate shown in Fig. 3a. The structure is
illuminated by a 1-V/m plane wave polarized in the θ~ direction
with an oblique incident direction of φ = 45◦ , θ = 30◦ . All
ports are terminated with 50-Ω resistors. The induced voltages
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Fig. 3. (a) Two parallel grounded co-planar waveguides separated by a via
fence and illuminated by a 1-V/m plane wave polarized in the θ~ direction
with an incident direction in φ = 45◦ , θ = 30◦ , (b) voltages induced at
Port 1 and Port 4.

at Port 1 and Port 4 are shown in Fig. 3b. In this example,
the hybrid solver takes 113 ms for each frequency point, and
the maximum memory consumption is 130 MB. The 3-D fullwave solver takes 2.98 s for each frequency point, and the
maximum memory consumption is 456 MB.
C. Galileo Board
The third example, shown in Fig. 4a, is the Intel Galileo
board [7] illuminated by a 1-V/m plane wave polarized in
the θ~ direction with an incident direction in φ = 45◦ ,
θ = 30◦ . The signal net UART0_RXD is selected and has two
ports terminated with 50-Ω resistors defined at its ends. The
induced voltages are shown in Fig. 4b. The hybrid solver takes
7.24 s for each frequency point and the maximum memory
consumption is 35.2 GB. This problem cannot be solved by
the 3-D solver on the test machine.
IV. C ONCLUSION
This paper presents a method to assess the radiated susceptibility of a PCB. It utilizes the 2.5-D hybrid FEM method
and the reciprocity-based method to calculate the induced port
voltages and currents. This is the only method to analyze any
full-size PCB, and analyze simple PCB at reduced computational cost. The accuracy of this method is determined by how
closely the fields in the PCB agree with the assumptions made
in the hybrid FEM method. Validation tools based this method
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Fig. 4. (a) Intel Galileo board illuminated by a 1-V/m plane wave polarized in
the θ~ direction with an incident direction in φ = 45◦ , θ = 30◦ , (b) voltages
induced at the two ports on the signal net UART0_RXD.

could be invaluable in the process of making PCB designs pass
the immunity test for electromagnetic compliance.
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