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Abstract—This paper presents a method to obtain delay-based
macromodels of electrically long interconnects from tabulated
frequency data. The proposed algorithm first extracts multiple
propagation delays and splits the data into single delay regions using a time-frequency decomposition transform. Then,
the attenuation losses of each region is approximated using
the Loewner Matrix approach. The resulting macromodel is
a combination of delay rational approximations. A numerical
example is presented to illustrate efficiency of the proposed
method compared to traditional Loewner where the delays are
not extracted beforehand.
Index Terms—Delay extraction, Loewner Matrix, rational approximation, time-frequency decomposition, transmission lines.

extract propagation delays and partition the data into single
delay regions using a time-frequency transform. From the
partitioned regions, a LM method is used to approximate
the attenuation losses with a low-order rational function. A
numerical example is presented to illustrate efficiency of the
proposed method compared to traditional Loewner where the
delays of the transfer function are not extracted.
II. M ACORMODELS WITH D ELAYS AND R EVIEW OF
G ENERAL T IME -F REQUENCY D ECOMPOSITION
A. Theoretical Motivation

I. I NTRODUCTION

D

UE to system complexity, process variations and nonuniformities of electrical circuits, rational macromodel
approximations from tabulated measured data are often used
to model high speed interconnects. Among these rational curve
fitting techniques are Vector Fitting (VF) and Loewner Matrix
(LM) algorithms [1], [2].
Broadly speaking, two approach exists for developing
macromodels of distributed networks. One approach is to
approximate the data as rational functions, however, this
requires many poles to accurately approximate interconnects
with significant signal delay. To second approach is based
on delayed rational functions [3]–[5]. This technique extracts
the propagation delays from the tabulated data, while the
remaining attenuation losses are approximated using low order
rational functions, leading to more compact macromodels with
fewer poles when compared to the first approach.
Methodologies to obtain delayed rational functions have
been proposed in [3], [6] using the VF approach for the
attenuation losses approximations. However, these delayed
rational function techniques have not been extended to the LM
approach. In recent years, LM [2], [7] has been proposed as
an alternative to VF. Unlike, what is done in VF, which relies
on multiple different order approximations to determine the
best order to fit the data [8], LM provides a direct mechanism
to identify the order based on the magnitudes of a Singular
Value Decomposition (SVD) [2]. Furthermore, for the case
of multiport networks the time-domain macromodel can be
realized with fewer equations when compared to VF [2], [7].
In this work, delayed rational approximations from tabulated
frequency data are derived using the LM method. Similar to
what is done in [3], [6], explicit delay extraction is used to

The main objective of the proposed method is to produce a
delayed rational function of the following form:
H(s) =

M


H (m) (s)e−sTm

(1)

m=1

where Tm is the mth propagation delay and H (m) (s) is the
delay free rational approximation corresponding to mth delay.
In practice, it is possible to approximate a long interconnect
without the extraction of the delay terms, however this generally results in a very high number of poles, which makes
the transient analysis computationally intensive. By extracting
the delay, the attenuation losses can be approximated by low
order rational function [3], [4], [6], [9].

B. Time-Frequency Decomposition
The delay extraction is done using the concept of the timefrequency decomposition transforms [9]. A time-frequency
transform relates H(s) to F(ω, τ ) with the following relation:
∞
F(ω, τ ) =

H(ζ)W (ζ − ω)ejζτ dζ

(2)

−∞

where W (ζ − ω) is a window centred at ζ = ω of specific
width L. It is observed from (2) that if W = 1, then the
equation becomes the standard definition of the inverse Fourier
Transform (IFT). Therefore the time-frequency transform can
be thought of as an IFT of H(s), that only retains the
frequency components in the frequency band of the filtering
window W [3]. In this work, the Gabor transform [10] is
used, since it provides optimal support in both the time and
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frequency domain. In [3] it is shown energy contents of
F(ω, τ ) over time is obtained by
∞
2
η(t) =
|F(ω, τ )| dω
(3)
−∞

−∞

Using (3), the reconstruction of H(ζ) can be done by splitting the time-frequency plane into separate regions Ωm and
performing the integral (4) over each region as follows [3],
[9]:

 (m) (ζ)
H
H(ζ) =
 (m) (ζ) = 1
H
2π

Ωm = R 2


Ωm

F(ω, τ )W (ζ − ω)e−jωτ dωdτ

(5)

m

The summation of each integral of (5) leads to the reconstruction of H(ζ). The time-frequency transform discussed, provides a way to extract delays from electrically long distributed
networks characterized by measured or simulated data.
III. P ROPOSED A LGORITHM
A. Estimation of Propagation Delays Tm
The first step of the proposed algorithm is to estimate the
propagation delays, given the tabulated data H. The timefrequency representation F(ω, τ ) is computed using (2). Once
the time-frequency plane is obtained, evaluating the energy
content over time η(t) using (3) provides good estimates of
the propagation delays, as the time values of the local maxima
[3].
In order to extract the most relevant delays, all delay
terms with relative energy contributions below a user-chosen
tolerance ε are not taken into account
n̂(m)

<ε
n̂(m)

(6)

m

The value of ε is problem dependent and is chosen such
that the energy contribution of the neglected delays does not
significantly affect the accuracy of the model [3], [4].
B. Time-Frequency Plane Partitioning
Once the delays are identified, the next step is to split the
time-frequency plane in such a way as to get delay regions.
The method used to split the plane is the same as the one
proposed in [3], [4]. The partitioning for the (ω, τ ) plane into
Ωm is done by choosing a point tk between adjacent delays
Tk and Tk+1 , where the value of the energy content at that
point is lower than a predefined value δ
η(τ = tk ) < δ

Ωm ∈ {(ω, τ ) : 0 ≤ ω ≤ 2πFmax , tk ≤ τ ≤ tk+1 }

(8)

C. Estimating Attenuation Losses H (m) (s)

where the propagation delays can be identified as the local
maxima of the η(t) function. The inverse of (2) is defined as:
∞
1
H(ζ) =
F(ω, τ )W (ζ − ω)e−jωτ dωdτ
(4)
2π

k

Using (7), regions Ωm are defined to be regions between two
adjacent minima tk and tk+1 , expressed as follows:

(7)

Once the Ωm regions are determined, the last step involves
computing the attenuation losses rational function corresponding to each region.
The goal is to evaluate
H̃ (m) (s) ≈ H (m) (s)e−sTm

(9)

where Tm is the known extracted delay using (3) and H̃ (m) (s)
is obtained using (5).
To get the rational approximation H (m) (s) for each region,
the frequency domain data is expressed as
{sk , H̃ (m) (sk )e+sk Tm }

(10)

where k = 1, . . . , K, and K is the number of data points.
The Loewner Matrix method [LM] seeks to macromodel the
attenuation losses H (m) (s) ≈ H̃ (m) (s)e+sTm as
H (m) (s) = C(sE − A)−1 B + D + sY∞

(11)

where A, E ∈ Rn×n , B ∈ Rn×1 , C ∈ R1×n , D ∈ R, Y∞ ∈
R describe the system of order n. The descriptor state space
matrices A, B, C, and E are obtain as follows.
First the given data is split into two groups, usually referred
to right and left interpolation data points as [2]
[s1 . . . sK ] = [μ1 . . . μk ] ∪ [λ1 . . . λk ]

[H (m) (s1 ) . . . H (m) (sK )] =

[H (m) (μ1 ) . . . H (m) (μk )] ∪ [H (m) (λ1 ) . . . H (m) (λk )]
Once the data is partitioned, the next step is to construct V
and W vectors, defined as
⎡ ⎤
v1
⎢ .. ⎥
V = ⎣ . ⎦ , W = w1 . . . wk
vk
(m)

where vi = H (μi ) and wi = H (m) (λi ). With the left data
set (μi , vi ) and right data set (λi , wi ), the k × k Loewner and
Shifted Loewner matrices are computed as follows
⎡v
⎢
L=⎢
⎣

1 −w1
μ1 −λ1

..
.

vk −w1
μk −λ1

⎡μ

...
..
.
...

1 v1 −λ1 w1

⎢
σL = ⎢
⎣

μ1 −λ1

..
.

μk vk −λ1 w1
μk −λ1

v1 −wk ⎤
μ1 −λk

..
.

⎥
⎥
⎦

(12)

vk −wk
μk −λk
μ1 v1 −λk wk
...
μ1 −λk

..

.
...

..
.

μk vk −λk wk
μk −λk

⎤
⎥
⎥
⎦

(13)

Once the Loewner and shifted Loewner are computed, the
next step is to determine the order of the approximation. In
order to do that, a singular value decomposition (SVD) is
performed on (sL − σL). Any value of s can be chosen as
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TABLE I: Poles, Residues and Delays of the TF

long as it is not the eigenvalue of the (σL, L) matrix pencil
[2], [7], resulting in the following expression

Poles (GHz)

Residues (GHz)

Delay = 20ns

SVD(sL − σL) = [Y, Σ, X]

(14)

where Σ is a diagonal matrix containing the singular values.
The order n of the approximation is chosen as the number of
normalized singular values whose value exceeds a predefined
threshold,

−0.6132 ± j3.4551

−0.9877 ∓ j0.0809

−0.3940 ± j7.3758

−0.2067 ∓ j0.0131

Delay = 70ns
−1.0135 ± j37.9655

−0.6787 ∓ j0.1465

−0.5711 ± j57.4748

−0.2626 ∓ j0.1037

0

10
Region 1
Region 2

(15)

where Xn ∈ Rk×n and Yn ∈ Rk×n are constructed from the
first n columns of X and Y of (14) respectively [2]. For the
case when it is required to use D and Y∞ terms, they are
calculated as described in [7].
IV. N UMERICAL E XAMPLES
To validate the proposed method, a transfer function (TF)
with known poles, residues and delays (described in Table I)
is approximated. The delay extraction is performed using a
tolerance value of ε = 1e − 4 in (6). The original estimates
for the delays were {20.0, 70.3} ns and then the estimates
were refined as in [11], to obtain values of {20.0, 70.0}
ns for delay region one and two respectively. The order
selection of LM is usually determined by a significant drop
in the magnitude of the singular values. Fig 1, shows the
plot of the normalized singular values for the regions of the
delayed rational approximations and for the LM without delay
extraction. Since the most significant drop for the delayed
rational function happens at the beginning, an order from 4
to 6 poles is enough to accurately approximate each region.
For the LM without the delay, the significant drop in the
singular values occurs in the 1400 poles range. Fig 2 shows
the real part of the TF and is compared with the proposed
method, LM with 1410 poles and LM with 600 poles. Both
the proposed (RM S = 9.20e−3) and the LM with 1410 poles
(RM S = 1.14e − 4) show accurate results, as opposed to LM
with 600 poles where it is less accurate (RM S = 3.71e − 1).
Using the proposed approach resulted in a macromodel of
size 8 to 12 poles depending on the threshold, a significant
improvement compared to LM without delay extraction. It
should be noted, that VF can also approximate each delay
region with the same order as the proposed method. However,
with VF there is no way determining the order of each region
beforehand.
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